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1. INTRODUCTION
Q-reﬂexive Banach spaces were introduced in 1993 by R. Aron and
S. Dineen to obtain a polynomial representation of the bidual of the space
of all n-homogeneous continuous polynomials on a Banach space E; i.e.,
nE′′ = nE′′. They also found the ﬁrst examples of such spaces,
namely the Tsirelson space T ∗ and the Tsirelson–James space T ∗J . The
Tsirelson space was constructed as an example of an inﬁnite-dimensional
reﬂexive Banach space which does not have a subspace isomorphic to lp
for any p ∈ 1∞ and initially was considered to be an interesting coun-
terexample but outside the main direction of development in Banach space
theory. However, subsequent work by Schlumprecht, Gowers, and others
which took Tsirelson space as a starting point led to many signiﬁcant devel-
opments and to the solution of several outstanding problems.
In this article we study structural and polynomial properties of Q-
reﬂexive Banach spaces, and in particular Tsirelson-like properties. Since
nE is the dual of ⊗̂nsπE and ⊗̂nsεE′ is a closed subspace of nE
we also expect these spaces to exhibit Tsirelson-like behaviour.
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2. Q-REFLEXIVE SPACES
Let E be a Banach space and let P be an element of the space of the
continuous n-homogeneous polynomials nE. By ABnP we denote the
Aron–Berner extension of P to E′′ (see [3]).
Consider the mapping
Jn	 ⊗̂
nsπ
E′′ → nE′
where Jn⊗nxP = ABnPx for all P ∈ nE x ∈ E′′, and is
extended by linearity and continuity.
Deﬁnition 2.1. The Banach space E is called Q-reﬂexive if Jn is an
isomorphism for all n. If Jn is an isometry the space is called isometrically
Q-reﬂexive.
For the space of n-homogeneous polynomials which are weakly continu-
ous on bounded subsets of E, the spaces of integral n-homogeneous polyno-
mials and the nuclear n-homogeneous polynomials we will use the notation
PwnE, PInE, and PNnE respectively. From [12] and Corollary 2.46 in
[9] we get immediately the next proposition:
Proposition 2.2. If E is a Banach space whose bidual has the approxi-
mation property, (AP), then the following conditions are equivalent:
1. E is Q-reﬂexive;
2. NnE′ = InE′ and nE = wnE.
Note that the AP on E′′ is needed only in the direction 1 ⇒ 2, so in
applying the proposition in the direction 2⇒ 1 AP can be omited.
Corollary 2.3. Let E be a Q-reﬂexive Banach space and let E′′ have
AP. Then E is isometrically Q-reﬂexive if and only if NnE′ = InE′
isometrically.
Proof. Since wnE has the norm induced by nE and since nE =
wnE by Proposition 2.2, they are isometric. By Proposition 2.24 in [9]
wnE′ = InE′ is also an isometry. On the other hand NnE′ =
⊗̂nsπE′′ isometrically and hence
⊗̂
nsπ
E′′ isom= NnE′ = InE′ isom= wnE′ isom= nE′
Hence Jn	 ⊗̂nsπE′′ → nE′ is an isometry if and only if NnE′ and
InE′ are isometrically isomorphic.
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The Q-reﬂexivity of T ∗J was shown in [2] and further examples of non-
reﬂexive Q-reﬂexive Banach spaces were given in [19]. Since Q-reﬂexive
spaces are not necessarily reﬂexive we have additional questions which do
not apply to the reﬂexive Tsirelson space—that is, whether they and their
duals contain l1 and c0. In [12] Gonza´lez showed that if E is Q-reﬂexive and
E′′ has AP then l1 ↪→ E′. By Proposition 2.2 and by Theorem 4 from [13]
it follows that l1 ↪→ E (another proof of this fact is given in [9, Corollary
2.46]). By a result of Bessaga and Pełczyn´ski the conditions “l1 is comple-
mented in E” and “c0 ↪→ E′” are equivalent (see p. 48 in [6]) and so we
have that neither E nor E′ contains a copy of c0.
In the next section we extend and generalize this result. We shall also
need the following deﬁnition (see [5]).
Deﬁnition 2.4. A Banach space E has the Dunford–Pettis property if for
any weakly null sequence xjj in E and any weakly null sequence ψjj in
E′ we have ψjxj → 0. We say that E has the Schur property if weak and
norm sequential convergence on E coincide.
3. SUBSPACES OF THE Q-REFLEXIVE SPACES
Proposition 3.1. Let E be a Q-reﬂexive Banach space such that E′′ has
AP and let F be a subspace of E such that F ′ is complemented in E′. Then
F is Q-reﬂexive.
Proof. The proof is based on Proposition 2.2.
We ﬁrst prove that InF ′ = NnF ′. Since the -tensor product pre-
serves subspaces and F ′ ↪→ E′, we have that ⊗̂n s εF ′ ↪→ ⊗̂n s εE′. Hence,
for P ∈ InF ′ = ⊗̂n s εF ′′, the Hahn–Banach theorem implies that we
can extend P to P˜ ∈ ⊗̂n s εE′′. By our hypothesis and Proposition 2.2 P˜ is
nuclear; i.e., there exist sequences ann of complex numbers and ψnn of
elements of E′′ such that P˜ =∑∞i=1 aiψni and ∑∞i=1 aiψin is ﬁnite. Then
P = P˜F ′ =
∑∞
i=1 aiψiF ′ n and P is nuclear.
Next we prove that ωnF = nF. Since E is Q-reﬂexive, we have that
l1 ↪→ E and hence l1 ↪→ F . By Proposition 2.36 in [9] it sufﬁces to show
that every continuous polynomial on F is weakly sequentially continuous at
the origin.
Let P ∈ nF and let ABnP be its Aron–Berner extension to F ′′. Since
F ′′ is complemented in E′′, we can extend ABnP to P˜ ∈ nE′′ in the
following way: P˜x + y 	= ABnPx for every x in F ′′ and y in G′,
where G is the complement of F ′ in E′. Since E ⊂ E′′, we can restrict P˜ to
E and this polynomial—which we call P—is an extension of P to E.
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Let xnn be a weakly null sequence in F . If ψ ∈ E′ then ψF ∈ F ′,
so ψxn = ψFxn → 0, which means that xnn is weakly null in E.
Then Pxn → 0 and in particular Pxn = PFxn → 0. This completes
the proof.
Corollary 3.2. If E is Q-reﬂexive and E′′ has AP then every comple-
mented subspace of E is Q-reﬂexive.
A Banach space E is Asplund if E′ has the Radon–Nikody´m property, or
equivalently if every separable subspace of E has a separable dual (several
more equivalent deﬁnitions can be found in [8]).
Proposition 3.3. If E′′ is Q-reﬂexive and Eiv has AP then E is Q-
reﬂexive. If, in addition, E is Asplund space, then l1 ↪→ ⊗̂n s εE′ and E is
isometrically Q-reﬂexive.
Proof. The ﬁrst part of the proposition follows from Proposition 3.1 and
the fact that E′ is complemented in E′′′.
Now let E be Asplund. Suppose ﬁrst that E is separable; then E′ will also
be separable. Since E is Q-reﬂexive it follows that E and E′ do not contain
copies of l1, and by the Odell–Rosenthal theorem [17] for the cardinalities
of E and E′′ we have cardE = cardE′′ = c and similarly cardE′ =
cardE′′′ = c. We want to show that card⊗̂n s εE = card⊗̂n s εE′′.
The cardinality of ⊗̂n s εE′ is clearly c. Since E′′ is Q-reﬂexive we
have ⊗̂n s εE′ = wnE = nE. The bidual of this space is nE′′ =
nE′′ = wnE′′ = ⊗̂n s εE′′′ and consequently card⊗̂n s εE′′′ =
card⊗̂n s εE′′′ = c. Because E′ is separable ⊗̂n s εE′ is also separable and
we can apply the Odell–Rosenthal theorem: since the space ⊗̂n s εE′ and
its bidual have the same cardinality, l1 is not isomorphic to a subspace of
⊗̂n s εE′.
Now let E be nonseparable and suppose l1 ↪→ ⊗̂nsεE′. Then there exists
a separable G ⊂ E′ such that l1 ↪→ ⊗̂nsεG. By a lemma of Sims and
Yost [18] there is a separable subspace E1 ⊂ E whose dual is separable,
complemented in E′ and G ↪→ E′1. Since E is Asplund E′1 is separable
and since E′1 is complemented in E
′, E1
′′ is complemented in E′′. Hence
by Corollary 3.2 E′′1 is Q-reﬂexive. Now we can apply the ﬁrst part of the
proof to E1 and get l1 ↪→ ⊗̂nsεE′1. But the ε-tensor product preserves
subspaces and ⊗̂nsεG ⊂ ⊗̂nsεE′1, which contradicts our choice of G and
hence l1 ↪→ ⊗̂nsεE′.
The isometric Q-reﬂexivity of E follows from Theorem 2 in [4] and
Corollary 2.3.
Now we are ready to prove results concerning the containment of c0 and
l1 in nE and its predual.
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Proposition 3.4. If E is a separable Q-reﬂexive Banach space and E′′
has AP, then ⊗̂n s πE does not contain an isomorphic copy of l1.
Proof. Since E is Q-reﬂexive, we have that l1 ↪→ E, and according to
the Odell–Rosenthal theorem [17], the cardinality of E′′ is equal to the
cardinality of E. Then the tensor products ⊗̂nsπE and ⊗̂nsπE′′ have the
same cardinality, and since ⊗̂nsπE′′ = ⊗̂nsπE′′, by the same theorem,
we have l1 ↪→ ⊗̂n s πE.
Proposition 3.5. If E is a Q-reﬂexive Banach space and E′′ has AP, then
c0 (and hence l∞) is not isomorphic to a subspace of ⊗̂n s εE′ for any n.
Proof. Suppose l∞ ↪→ ⊗̂n s εE′. Then l∞ ↪→ ⊗̂n εE′, and by a theo-
rem of Drewnowski (see [10]) we have l∞ ↪→ E′. This contradicts the Q-
reﬂexivity of E; hence l∞ ↪→ ⊗̂n s εE′. Since ⊗̂n s εE′ is a dual space, the
containment of c0 in it would imply containment of l∞.
And ﬁnally, the non-containment of l1 in the Q-reﬂexive spaces and their
duals gives us the following proposition:
Proposition 3.6. If E is Q-reﬂexive inﬁnite-dimensional Banach space
and E′′ has AP, then E fails to have the Dunford–Pettis property.
Proof. Let E be a Q-reﬂexive Banach space and suppose E has the
Dunford–Pettis property. By the Q-reﬂexivity of E we have l1 ↪→ E and
consequently (see Theorem 3 in [5]) the dual space E′ has the Schur
property.
Since E is Q-reﬂexive l1 ↪→ E′, and by Rosenthal’s theorem every
bounded sequence contains a weakly Cauchy subsequence. An improve-
ment of the Riesz Lemma [6, p. 7] says that there is a sequence of unit
vectors xn∞n=1 in E′ such that xn − xm > 1 for n = m. Let xnk∞k=1 be
a weakly Cauchy subsequence of xn∞n=1; then xnk − xnk+1∞k=1 is weakly
null and, by the Schur property, tends to 0 in norm. This is clearly impos-
sible. Hence l1 must be contained in E′, and this contradicts the fact that
E is Q-reﬂexive.
If E′ has the Dunford–Pettis property then so does E (see [5,
Corollary 2]). Hence all higher duals of E fail to have the Dunford–
Pettis property.
4. CONTAINMENT OF lp1 < p <∞: GEOMETRIC PROPERTIES.
Before proceeding further we need the concept of upper p-estimates (see
Deﬁnition 2.39 in [9]).
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Deﬁnition 4.1. A sequence xn∞n=1 in a Banach space E has an upper
p estimate p > 1, if there exists c > 0 such that for any sequence of
scalars an∞n=1 we have ∣∣∣∣∣∣ k∑
j=1
ajxj
∣∣∣∣∣∣p ≤ c( k∑
j=1
ajp
)
for all k.
Proposition 4.2. If E is Q-reﬂexive and E′′ has AP, then no sequence of
unit vectors in E′ satisﬁes an upper p estimate for p > 1.
Proof. If E′ contains a sequence of unit vectors satisfying an upper
p estimate for some p > 1 then there exists a positive integer n such
that l∞ ↪→ nE = ⊗̂n s εE′ (Corollary 2.40 in [9]). This contradicts
Proposition 3.5.
The following result was given in [12]. However, for the case p > 1 its
proof relied on Proposition 11 of [12] whose proof in our opinion is not
complete. For this reason here we include a different proof when p > 1.
Proposition 4.3. If E is a Q-reﬂexive Banach space and E′′ has AP, then
E′ does not contain a copy of lp for any p, 1 ≤ p ≤ ∞.
Proof. The case p = 1 is proved in [12] and the case p = ∞ follows
from Proposition 3.5; hence we consider 1 < p <∞.
Suppose there exists p ∈ 1∞ such that lp ↪→ E′. Then the unit
vector basis of lp satisﬁes the conditions of Proposition 1.55 of [9] and
consequently l∞ ↪→ nE = ⊗̂n s εE′ for some n, which contradicts
Proposition 3.5.
Before extending this result from E′ to nE, we need the follow-
ing lemma:
Lemma 4.4. For any Banach space E the product ⊗̂m s π⊗̂n s πE is a
complemented subspace of ⊗̂mn s πE.
Proof. Since ⊗̂n s πE is complemented in ⊗̂nπE, we have ⊗̂nπE =(⊗̂n s πE) ⊕Gn where Gn is the complement of ⊗̂n s πE (see [9, p. 21]),
and respectively, ⊗̂mπ
(⊗̂nπE) = [⊗̂m s π⊗̂nπE] ⊕ Um for some Um.
Then ⊗̂mnπE =
[⊗̂m s π[⊗̂n s πE) ⊕ Gn]] ⊕ Um, and by Theorem 2.2
from [1] we can write this expression as
m⊕
k=0
[ ⊗̂
k s π
 ⊗̂
n s π
E⊗̂π ⊗̂
m−k s π
Gn
)]⊕Um
For k = m in this sum we get a copy of ⊗̂m s π
(⊗̂n s πE) and consequently
⊗̂m s π
(⊗̂n s πE) is complemented in ⊗̂mnπE, and there exists a continuous
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projection " from ⊗̂mnπE to ⊗̂m s π
(⊗̂n s πE). Since ⊗̂m s π(⊗̂n s πE) ⊂
⊗̂mn s πE and "
(⊗̂m s π(⊗̂n s πE)) = ⊗̂m s π(⊗̂n s πE), we can restrict the
projection to ⊗̂mn s πE and get that ⊗̂m s π
(⊗̂n s πE) is a complemented
subspace of ⊗̂mn s πE.
Note that the above lemma is trivial for the non-symmetric ten-
sor product.
Proposition 4.5. If E is Q-reﬂexive Banach space and E′′ has AP, then
lp ↪→
(⊗̂n s πE)′ = ⊗̂n s εE′ for every p ∈ 1∞.
Proof Suppose lp ↪→ nE =
(⊗̂n s πE)′ for some p ∈ 1∞. Then,
by Proposition 1.55 in [9], l∞ ↪→ 
(m⊗̂n s πE) for m ≥ q, where 1q +
1
p
= 1. From Lemma 4.4 we have ⊗̂mn s πE =
(⊗̂m s π(⊗̂n s πE))⊕G and
hence 
(m⊗̂n s πE) = (⊗̂m s π(⊗̂n s πE))′ is a complemented subspace of
mnE = (⊗̂mn s πE)′. Then l∞ ↪→ mnE = ⊗̂mn s εE′, which contra-
dicts Proposition 3.5.
As applications we prove the following two “geometric” results.
Proposition 4.6. If ⊗̂n s πE is Q-reﬂexive Banach space and
(⊗̂n s π E)′′
has AP for every integer n, then ⊗̂n s πE is isometrically Q-reﬂexive for every n.
Proof. By our hypothesis ⊗̂mn s πE is Q-reﬂexive and hence l1 ↪→(⊗̂mn s πE)′. Since ⊗̂m s π(⊗̂n s πE) is a complemented subspace of
⊗̂mn s πE, we have that l1 ↪→
(⊗̂m s π(⊗̂n s πE))′ = (m⊗̂n s πE) =
wm⊗̂n s πE = ⊗̂m s ε
(⊗̂n s πE)′, and consequently, using Theorem 2
of [4], we have that N
(m(⊗̂n s πE)′) = I(m(⊗̂n s πE)′) are isometrically
isomorphic. By Corollary 2.3 ⊗̂n s πE is isometrically Q-reﬂexive.
We refer to [7] for the deﬁnitions of the terms used in the follow-
ing proposition.
Proposition 4.7. If E is Q-reﬂexive inﬁnite-dimensional Banach space
and E′′ has AP, then the following hold:
1. E does not have non-trivial type;
2. l1 is ﬁnitely represented in E;
3. E is not B-convex.
Proof. First we prove that E′ has only trivial type. Indeed, suppose that
E′ has type p > 1. Since E is Q-reﬂexive it does not contain a copy of
l1, and consequently it contains a norm-one weakly null sequence (see the
proof of Proposition 3.6). Now E satisﬁes all conditions of Theorem 3.5 in
[11] and hence there is a sequence in E′ which has an upper p estimate.
By Proposition 4.2 this is impossible.
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By Theorem 13.10 of [7], E′ does not have non-trivial type if and only if
it is not B-convex, which is equivalent to E being not B-convex (Corollary
13.7 in [7]). This proves (3), (1), and (2) follow from (3) by Theorems 13.6
and 13.10 in [7].
5. Q-REFLEXIVITY AND REFLEXIVITY
In this section we investigate when Q-reﬂexive Banach spaces are reﬂex-
ive. We will need the following deﬁnitions (see Chapter III of [14]):
Deﬁnition 5.1. A series
∑
∞ xn in a Banach space X is a wuC-
series (weakly unconditionally Cauchy series) if
∑∞
n=1 ϕxn is ﬁnite for
every ϕ ∈ X ′.
A Banach space X is said to have property (V) if every subset K of X ′
which satisﬁes
lim
n
sup
y∈K
yxn = 0
for every wuC-series
∑
xn in X is relatively weakly compact.
A Banach space X is said to have property (u) if for every x′′ in the w∗-
sequential closure of X in X ′′ there exists a wuC-series
∑
yk ⊂ X such that
x′′ =∑∞k=1 yk in the w∗-topology in X ′′.
A Banach space E has local unconditional structure (l.u.st.) if E = ∪Eα
where the Eα are ﬁnite-dimensional subspaces forming an increasing net
directed by inclusion, and each Eα has a basis with unconditional constant
cα such that supα cα <∞.
Proposition 5.2. If E is a Q-reﬂexive Banach space with an uncon-
ditional ﬁnite-dimensional decomposition (FDD) and E′′ has AP, then E
is reﬂexive.
Proof. If E has unconditional FDD then by Theorem 1.g.5 of [15] E
is isomorphic to a closed subspace of some Banach space F which has an
unconditional basis. Then by a result of Bessaga and Pełczyn´ski (Theorem
1.c.13 of [15]) since E does not contain l1 and c0 it is reﬂexive.
Proposition 5.3. Let E be a Q-reﬂexive dual Banach space with a local
unconditional structure and let E′′ have AP. Then E is reﬂexive.
Proof. Let E = F ′ for some Banach space F . If E has l.u.st., then due
to Corollary 17.6 of [7] F has l.u.st.; hence F ′′ = E′ is isomorphic to a
complemented subspace of a Banach lattice (Theorem 17.5 of [7]). But by
a theorem of Johnson and Tzafriri (see 1.c.7 in [16]) every subspace of a
Banach lattice which does not contain l1 and c0 is reﬂexive, so F is reﬂexive.
The space E is reﬂexive as a predual of reﬂexive Banach space.
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For a Banach space X deﬁne the following sets:
LWS(X) = x′′ ∈ X ′′ : there is a sequencexnn in X such that
xn → x′′ in the weak* topology
LWUC(X) = x′′ ∈ X ′′ : there is a wuC-series
∞∑
n=1
xn in X such that
x′′ =
∞∑
n=1
xn in the weak* topology
Obviously
X ⊆ LWUCX ⊆ LWSX ⊆ X ′′(1)
If X is separable, from the Odell–Rosenthal theorem (see [6, 17]), we have
l1 ↪→ X ⇐⇒ LWSX = X ′′(2)
and by a result of Bessaga and Pełczyn´ski [6, p. 45]
c0 ↪→ X ⇐⇒ LWUCX = X(3)
On the other hand,
X is weakly sequentially complete ⇐⇒ LWS(X) = X(4)
Indeed, suppose X is weakly sequentially complete and x′′ ∈ LWSX.
Then there exists a sequence xnn in X which converges to x′′ in the
w∗ topology in X ′′. Then in fact xnn is weakly Cauchy in X, and hence
convergent, so its limit x′′ belongs to X.
Suppose now that X = LWSX and let xnn be weakly Cauchy in
X. Then xnn is weak* Cauchy in X ′′, and since BX ′′ is w∗-compact,
the sequence is w∗-convergent to some element x′′ ∈ X ′′. This in partic-
ular means that x′′ ∈ LWSX, and consequently x′′ ∈ X; i.e., xnn is
weakly convergent.
And, ﬁnally, from the deﬁnition of property (u)
X has property (u) ⇐⇒ LWUCX = LWSX(5)
Proposition 5.4. Let E be a Q-reﬂexive Banach space such that E′′ has
AP. Then E′ is weakly sequentially complete if and only if E is reﬂexive.
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Proof. The implication “E reﬂexive⇒ E′ weakly sequentially complete”
is well known and true for an arbitrary Banach space, but we will give a
short proof. If E is a reﬂexive space, then so is E′ and all inclusions in (1)
turn into equalities:
E′ = LWUCE′ = LWSE′ = E′′′
In particular E′ = LWSE′ which by (4) means that E′ is weakly sequen-
tially complete.
Now let E′ be weakly sequentially complete. Then by (4) E′ = LWSE′.
On the other hand since E is Q-reﬂexive c0 ↪→ E′ and by (3) we have
E′ = LWUCE′. Hence LWSE′ = LWUCE′ and by (5) E′ has property
(u). By a theorem of Pełczyn´ski (see [14, p. 133]) if E′ has property (u) and
l1 ↪→ E′ then E′ has property (V). Since every nonreﬂexive space with
property (V) contains an isomorphic copy of c0 (Corollary 3.3, of [14])
this contradicts the Q-reﬂexivity of E, so E′ and consequently E must be
reﬂexive.
If E is an arbitrary reﬂexive Banach space, then all inclusions in (1)
become equalities, in particular LWUCE = LWSE and by (5) E has
property (u). The following proposition shows that the converse is true for
Q-reﬂexive Banach spaces.
Proposition 5.5. Let E be a Q-reﬂexive Banach space and let E′′ have
AP. If E has property (u) then E is reﬂexive.
Proof. Suppose E has property (u) and let F be a separable subspace
of E. Since l1 ↪→ E and c0 ↪→ E we have that l1 ↪→ F and c0 ↪→ F . By (2)
and (3)
F = LWUCF ⊆ LWSF = F ′′
By Lemma I.2.9 of [14], property (u) passes to subspaces, so F has property
(u), and, by (5), LWUCF = LWSF. This means that F is reﬂexive, and
since F is an arbitrary separable subspace of E, the space E is reﬂexive (see
p. 54 of [6]).
Our observations show again that the Q-reﬂexive nonreﬂexive Banach
spaces “do not like unconditionality.” Indeed, let E be such separable space
and let x′′ ∈ E′′/E. Then since l1 ↪→ E there exists a sequence xnn in E
which tends to x′′ in the w∗-topology. By the principle of uniform bounded-
ness xnn is uniformly bounded, and so is yn = xn− xn−1 (let y1 = x1). Now
we have that
∑N
n=1ψyn → ψx′′ as N → ∞ for every ψ ∈ E′, and the
series
∑N
n=1 yn is weakly Cauchy, but not weakly unconditionally Cauchy.
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